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a b s t r a c t
Hajós’ conjecture says that every graph of chromatic number k
contains a subdivision of the complete graphwith k vertices. In this
note,we give a characterization for cycle power graphs Ckn onHajós’
conjecture, which generalized a recent result of Thomassen (2005)
[C. Thomassen, Some remarks on Hajós’ conjecture, J. Combin.
Theory Ser. B 93 (2005) 95105]. Precisely, we showed that for
positive integersn, k such thatn > 2k+1, and thenn = q(k+1)+r ,
where 0 ≤ r ≤ k, the kth power of the cycle Cn, Ckn , satisfies Hajós’
conjecture if and only if 1+ 2+ · · · + dr/qe ≤ k.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs will be assumed finite and simple. Hajós’ conjecture says that every graph of chromatic
number at least k contains a subdivision of the complete graph with k vertices. Catlin [1] showed that
Hajós’ conjecture fails for each k ≥ 7, while for k ≤ 4, Dirac in [3] verified the conjecture. Erdös and
Fajtlowicz [4] showed thatHajós’ conjecture fails for almost all graphs. Very recently, Thomassen in [9]
discovered many interesting counterexamples to Hajós’ conjecture, including some certain powers of
cycle graphs and revived the study of Hajós’ conjecture. Mohar in [7], Rodl and Zich in [8] considered
some counterexamples to the conjecture from the view point of embeddings of graphs. Yu and Zick-
feld in [11] showed that for k = 5, any possible counterexample to with least number of vertices is
4-connected. Hajós’ conjecture is false for most graphs but it may be true for some special class of
graphs. For instance, the conjecture is true for the line graph of a simple graph [10], graphs with large
girth [5,6] etc. For some cycle power graphs, Thomassen showed in [9] that they do not satisfy Hajós’
conjecture. While we know not all of them are counterexamples to Hajós’ conjecture. The motivation
of this note is the following problem. For given positive integers n, k, does cycle power graph Ckn satisfy
Hajós’ conjecture? In this note, we give a necessary and sufficient condition to determine whether Ckn
is a counterexample to Hajós’ conjecture.
LetG(V , E) be a graph. Two vertices ofG are adjacent if there is an edge between them. The distance
between two vertices x and y, distG(x, y), is the shortest length of the induced path with ends x and
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y in G. Let G be a graph with vertex set V (G) and A, B be subsets of V (G). An (A, B)-path Q of G is a
path with one end in A, the other end in B and all other internal vertices in V (G) \ (A ∪ B). Let Px,y
denote the path with one end x and the other end y. Let Σ be the subdivision of the complete graph
Kl. The vertices of degree at least three are called branch vertices and the vertices of degree two on
the branch paths are called subdivided vertices ofΣ . For other notations, we follow [2].
Let Cn = (u1, . . . , un) be a cycle of length n. For positive integer k, the kth power of Cn, Ckn , with
vertex set {u1, . . . , un}, and edge set
{
uiuj : ui and uj are adjacent if the distance between them on the
cycle is at most k
}
.
For positive integers k and n, if n ≤ 2k + 1, Ckn is a complete graph. Clearly, it satisfies Hajós’
conjecture. In this note, we will show the following theorem which provides more counterexamples
to Hajós’ conjecture.
Theorem. Let n and k be positive integers such that n > 2k+ 1 and let q = bn/(k+ 1)c. We may write
n as n = q(k+ 1)+ r, where r is an integer such that 0 ≤ r ≤ k. Ckn satisfies Hajós’ conjecture if and only
if 1+ 2+ 3+ · · · + dr/qe ≤ k holds.
The main idea of the theorem is that to look for a subdivision of Km, where m is the chromatic
number of the graph G, we have to use some vertices of degree 2. The arithmetic condition ensures
that there are enough vertices of degree 2 to complete a subdivision in G, and Lemma 2 shows that
this can then be done.
2. Proof of theorem
Lemma 1. Let n and k be positive integers such that n > 2k + 1 and let q = bn/(k + 1)c. Then the
chromatic number of Ckn is k+ 1+ dr/qe, where r = n (mod k+ 1).
Proof. Since the independent number of Ckn is q, the chromatic number of C
k
n is at least k+ 1+dr/qe.
We can find a k+ 1+ dr/qe-coloring of Ckn and then the lemma follows. 
Lemma 2. Let s, t, k be positive integers such that s ≤ k and k + 2 ≤ t. Let P = x1x2 · · · xsz1z2 · · · zt
y1y2 · · · ys be a path of length 2s + t − 1 and Pk be the kth power of P, that is V (Pk) = V (P),
E(Pk) = {ab : a, b ∈ V (P), and distP(a, b) ≤ k}. Let A = {x1, x2, . . . , xs} and B = {y1, y2, . . . , ys}
and Pxi,yj be an (A, B)-path of P
k with ends xi and yj. If
(
s+1
2
)
≤ k holds, then there exist
(
s+1
2
)
internal
vertex disjoint (A, B)-paths in Pk, which are Pxi,yj for 1 ≤ j ≤ i ≤ s.
Proof. It suffices to construct
(
s+1
2
)
internal vertex disjoint (A, B)-paths Pxi,yj for 1 ≤ j ≤ i ≤ s in Pk.
Let P = {Pxi,yj : 1 ≤ j ≤ i ≤ s}.
Since t ≥ k+ 2, and the distance between xs and y1 in P is t + 1, which is greater than k, xs is not
adjacent to y1. Each path of Pxi,yj ’s has at least one internal vertex. Let s
′ =
(
s+1
2
)
, and s′ ≤ k < t .
We may assume that t = as′ + b, where 0 ≤ b < s′. For 1 ≤ r ≤ s′, there are positive integers i, j
such that r =
(
i
2
)
+ j, and 1 ≤ j ≤ i ≤ s. For example, 1 =
(
1
2
)
+ 1, 2 =
(
2
2
)
+ 1, 3 =
(
2
2
)
+ 2,
4 =
(
3
2
)
+ 1, . . . , s′ = ( s2 )+ s.
We split the proof into two cases. We use the index j instead of zj to denote vertex zj.
Case 1. b = 0. We list the vertices of Pxi,yj as what follows.
V (Pxi,yj) =
{
xi,
(
i
2
)
+ j, s′ +
(
i
2
)
+ j, . . . , (a− 1)s′ +
(
i
2
)
+ j, yj
}
for 1 ≤ j ≤ i ≤ s.
Clearly, each Pxi,yj contains a internal vertices. If (i, j) 6= (i′, j′), Pxi,yj and Pxi′ ,yj′ are a pair of internal
vertex disjoint paths.
distP
(
xi,
(
i
2
)
+ j
)
= (s− i)+
(
i
2
)
+ j ≤ s+
(
i
2
)
≤ s′ ≤ k.
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Hence xi, z( i
2
)
+j are adjacent in P
k.
distP
(
(l− 1)s′ +
(
i
2
)
+ j, ls′ +
(
i
2
)
+ j
)
= s′ ≤ k
for 1 ≤ l ≤ a− 1. Then z
(l−1)s′
(
i
2
)
+j and zls′+
(
i
2
)
+j are adjacent in P
k for 1 ≤ l ≤ a− 1.
distP
(
(a− 1)s′ +
(
i
2
)
+ j, yj
)
= as′ −
(
(a− 1)s′ +
(
i
2
)
+ j
)
+ j = s′ −
(
i
2
)
≤ s′ ≤ k.
Hence yj and z(a−1)s′+
(
i
2
)
+j are adjacent in P
k.
So P = {Pxi,yj : 1 ≤ j ≤ i ≤ s} is the required set of internal vertex disjoint (A, B)-paths of Pk.
Case 2. b 6= 0. And there are two positive integers i0, j0 such that b =
(
i0
2
)
+ j0 and j0 ≤ i0. We
construct P by two subcases according to the value of j0.
Subcase 2.1. j0 = i0. We partition P into two subsets. The first subset contains
(
i0+1
2
)
paths. We
list the vertices of them as what follows.
V (Pxi,yj) =
{
xi,
(
i
2
)
+ j, s′ +
(
i
2
)
+ j, . . . , (a− 1)s′ +
(
i
2
)
+ j, as′ +
(
i
2
)
+ j, yj
}
for 1 ≤ i ≤ i0 and 1 ≤ j ≤ i.
Each of these Pxi,yj ’s has p+ 1 internal vertices.
distP
(
as′ +
(
i
2
)
+ j, yj
)
= as′ + b−
(
as′ +
(
i
2
)
+ j
)
+ j =
(
i0
2
)
+ j0 −
(
i
2
)
≤ s′ ≤ k.
z
as′+
(
i
2
)
+j and yj are adjacent in P
k and the distance between two successive vertices of list of Pxi,yj
is at most k. The above list of vertices is a path in Pk. These lists form internal vertex disjoint
(
i0+1
2
)
paths.
We list the vertices of the rest s′ −
(
i0+1
2
)
paths as what follows.
V (Pxi,yj) =
{
xi,
(
i
2
)
+ j, s′ +
(
i
2
)
+ j, . . . , (a− 1)s′ +
(
i
2
)
+ j, yj
}
for i0 + 1 ≤ i ≤ s and 1 ≤ j ≤ i.
Each of these Pxi,yj ’s has a internal vertices.
distP
(
(a− 1)s′ +
(
i
2
)
+ j, yj
)
= as′ + b−
(
(a− 1)s′ +
(
i
2
)
+ j
)
+ j
= s′ +
(
i0
2
)
+ i0 −
(
i
2
)
≤ s′ ≤ k
for i0 + 1 ≤ i ≤ s and 1 ≤ j ≤ i.
And the distance between two successive vertices of the same list in P is at most k. Each list of
vertices is a path in Pk. These lists form the other
(
s+1
2
)
−
(
i0+1
2
)
internal vertex disjoint paths.
Subcase 2.2. j0 < i0. We partition s′ paths into two parts according to whether the path contains
xi0 as one of its ends. For a path Pxi,yj , if i 6= i0, the vertices of Pxi,yj is the same as those of Pxi,yj in
Subcase 2.1.
There are exactly i0 paths whose ends contain xi0 . Besides xi0 , {y1, y2, . . . , yi0} is the set of ends of
these paths. We partition these i0 paths into two parts. We list the vertices of Pxi0 ,yj as what follows.
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The first part contains i0 − j0 paths. We have the following vertex lists.
V (Pxi0 ,yj−j0 ) =
{
xi0 ,
(
i0
2
)
+ j, s′ +
(
i0
2
)
+ j, . . . , (a− 1)s′ +
(
i0
2
)
+ j, yj−j0
}
for j0 + 1 ≤ j ≤ i0.
distP
(
xi0 ,
(
i0
2
)
+ j
)
≤ distP
(
xi0 ,
(
i0
2
)
+ i0
)
= s− i0 +
(
i0
2
)
+ i0 ≤ s′ ≤ k.
distP
(
(a− 1)s′ +
(
i0
2
)
+ j, yj−j0
)
= as′ + b−
(
(a− 1)s′ +
(
i0
2
)
+ j
)
+ j− j0 ≤ s′ ≤ k.
So the above list of vertices form a path in Pk. The second part contains j0 paths. The vertices of
Pxi0 ,yi0−j0+j for 1 ≤ j ≤ j0 is the following.{
xi0 ,
(
i0
2
)
+ j, s′ +
(
i0
2
)
+ j, . . . , (a− 1)s′ +
(
i
2
)
+ j, as′ +
(
i0
2
)
+ j, yi0−j0+j
}
.
Since
distP
(
xi0 ,
(
i0
2
)
+ j
)
= s− i0 +
(
i0
2
)
+ j ≤ s+
(
i0
2
)
≤ s′ ≤ k
and
distP
(
as′ +
(
i0
2
)
+ j, yi0−j0+j
)
=
(
i0
2
)
+ j0 −
(
i0
2
)
− j+ i0 − j0 + j = i0 ≤ s′ ≤ k
for 1 ≤ j ≤ j0, the above list of vertices is indeed a path in Pk.
And this ends the proof of Lemma 2. 
Lemma 3. Assume Ckn contains a subdivision Σ of Kl and ui1 , ui2 , . . . , uil are the branch vertices of Σ ,
where i1 < i2 < i3 < · · · < il. If i1 + 1 < i2, then Ckn contains another subdivisionΣ ′ of Kl with branch
vertices ui1+1, ui2 , . . . , and uil .
Proof. Without loss of generality, we assume i1 = 1. Then u1 is a branch vertex ofΣ but u2 is not. Ob-
viously, N(u1) = {u2, u3, . . . , uk+1, un+1−k, un+2−k, . . . , un} and N(u2) = {u3, u4, . . . , uk+2, un+2−k,
un+3−k, . . . , un, u1}, N(u1) − N(u2) = {u2, un+1−k}. Since u1 is a branch vertex of Σ , it is the end of
branch paths Pu1,ui2 , Pu1,ui3 , . . . , and Pu1,uil . Assume Pu1,uij = u1u′ij ...uij for 2 ≤ j ≤ l. Possibly, u′ij = uij
for some j.
Case 1. u2 is not a subdivided vertex. Let Pu2,uij = (Pu1,uij − u1) ∪ {u2, u2u′ij} for u′ij 6= un+1−k. If
there is some u′ij equal to un+1−k, let Pu2,uij = Pu1,uij ∪ {u2, u1u2}. ThenΣ ′ = (Σ − u1) ∪ {Pu2,uij :2≤j≤l}
is a subdivision of Kl with branch vertices u2, ui2 , . . . , and uil .
Case 2. u2 is on a branch path, say, Pu1,ui0 . Let Pu2,ui0 = Pu1,ui0 − u1, and Pu2,uij = (Pu1,uij − u1) ∪
{u2, u2u′ij} for u′ij 6= un+1−k, and j 6= i0. If there is some u′ij = un+1−k, let Pu2,uij = Pu1,uij ∪ {u2, u1u2}.
Then the obtained Σ ′ = (Σ − u1) ∪ {Pu2,uij :2≤j≤l} is also a subdivision of Kl with branch vertices u2,
ui2 , . . . , and uil . 
Lemma 4. . If Ckn contains a subdivisionΣ of Kl and ui1 , ui2 , . . . , uil are the branch vertices of Σ , where
i1 < i2 < i3 < · · · < il, then Ckn contains another subdivision Σ ′ of Kl with branch vertices u1, u2, . . . ,
and ul.
Proof. By Lemma 3, we may change the branch vertices of a subdivision of Kl one by one until we get
a subdivision of Kl with branch vertices u1, u2, . . . , and ul. 
Now we are ready to prove the theorem.
Proof of Theorem. Sufficiency. We assume that the vertices of Cn are u1, . . . , un and n = p(k+1)+ r .
If r = 0, Ckn contains a clique of order k + 1, which is equal to the chromatic number of Ckn . Hajós’
conjecture holds in this case. If 1 ≤ r ≤ p, the chromatic number of Ckn is k+ 2, and u1, u2, . . . , uk+2
D. Li et al. / European Journal of Combinatorics 31 (2010) 759–764 763
may be chosen as the branch vertices of the subdivision of Kk+2 with uk+2, uk+3, . . . , un, u1 being a
subdivided branch path Puk+2,u1 . For r > p, the chromatic number of C
k
n is k+1+dr/pe. Let s = dr/pe. If(
s+1
2
)
≤ k, u1, u2, . . . , uk+1+smay be chosen as the branch vertices of the subdivisionΣ of Kk+1+s. Let
yi = ui and xi = uk+1+i for 1 ≤ i ≤ s, zj = uk+1+s+j for 1 ≤ j ≤ n− (k+1+ s) and A = {xi : 1 ≤ i ≤ s}
and B = {yi : 1 ≤ i ≤ s}. Let P = x1x2 · · · xsz1z2 · · · zty1y2 · · · ys where t = n− (k+1+ s) ≥ k+2 is a
path of length 2s+t−1. The branch paths ofΣ are the union of the edges induced by u1, u2, . . . , uk+1+s
in Ckn and Pxi,yj for 1 ≤ j ≤ i ≤ s determined by Lemma 2.
Necessity. By Lemma 4, if Ckn contains a subdivision of Kk+1+s, we may choose u1, u2, . . . , uk+1+s as the
branch vertices of the subdivision Σ . The branch paths of Σ consists two parts. One part is the set
of edges induced by u1, u2, · · ·, uk+1+s in Ckn . The other part is the set of internal vertex disjoint paths
Pxi,yj for 1 ≤ j ≤ i ≤ s in Pk, where P = x1x2 · · · xsz1z2 · · · zty1y2 · · · ys. If 1+ 2+ 3+ · · · + s > k, Let
S = {z1, z2, . . . , zk}. Clearly, S is a vertex cut of Pk. By Menger’s theorem, there are not
(
s+1
2
)
vertex
disjoint (A, B)-paths Pxi,yj . A contradiction with C
k
n satisfying Hajós’ conjecture.
This ends the proof of theorem. 
In [9], C. Thomassen showed the following result.
Corollary. For each real number c, where 1/3 < c < 1/2, there is a natural number nc such that the kth
power of cycle Cn, Ckn , is a counterexample to Hajós’ conjecture whenever n ≥ nc , and n/3 ≤ k ≤ cn.
For any real number c of the corollary, we have 1/3 < c < 1/2, and n/3 < k < cn. Let
n = q(k + 1) + r , where q is a positive integer and r = n (mod k + 1). And by n < 3k, we have
then q = 2 and r < k − 2. Let nc = 2(q + 1) + rc . If nc is chosen the minimum value such that(
rc+1
2
)
> k and rc < k− 2, satisfying the condition of Theorem, Thomassen’s theorem follows.
For k ≤ 4, all Ckn satisfy Hajós’ conjecture. For 5 ≤ k ≤ 30, we list the counterexamples.
k n n n
5 17
7 23
8 25–26
9 27– 29
10 29–30
11 33– 35
12 35–38
13 37–41, 55
14 39–44, 58–59
15 43–47
16 45–50, 67
17 47–53, 70–71
18 49–56, 73–75
19 51–59, 76–79
20 53–62, 79–83
21 57–65, 85–87
22 59–68, 88–91
23 61–71, 91–95
24 63–74, 94–99
25 65–78, 97–103, 129
26 67–80, 100–107, 133–134
27 69–83, 103–111, 137–139
28 73–86, 109–115
29 75–89, 112–119, 149
30 77–92, 115–123, 153–154
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